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Abstract

A method of finding conserved quantities of nonlinear ordinary difference
equations is briefly discussed. The method is based on the hypothesis that the
conserved quantities are expressed by a ratio of two polynomials of dependent
variables. We obtain the conserved quantities of the ‘discrete equation of motion
of an anharmonic oscillator’ and ‘a nonlinear difference equation of third order’.

PACS numbers: 02.30.Jr, 02.03.1k, 05.45.Yv

1. Introduction

Discretization of integrable systems has been the focus of intense research activity. Typical
soliton equations have been discretized in a series of papers [1-5]. Discretization of integrable
nonlinear ordinary differential equations has been studied in [6—12]. Recent progress in
integrable discrete systems has uncovered remarkable relationships in otherwise unrelated areas
of research such as numerical algorithms [13], discrete geometry [14], cellular automaton [15],
and quantum integrable systems [16].

However, no systematic method of calculating the conserved quantities of the ordinary
nonlinear difference equations has been known. We present a method of calculating the
conserved quantities which is based on the hypothesis that the conserved quantities are
expressed by a ratio of two polynomials of dependent variables. We explain the method
taking the following equations as examples: ‘the discrete equation of motion of an anharmonic
oscillator’ and ‘a nonlinear difference equation of third order’.

2. Discretization of an anharmonic oscillator

We consider an equation of motion of an anharmonic oscillator

d%x
—— tax+bx*=0 a,b > 0. D
dr?
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We discretize the equation of motion using the bilinear transformation method [6, 11, 12].
Let x(t) = g(#)/f (¢). Then equation (1) is transformed into the following form:

[Dlg- f+agflf —gID}f- f—bg’l=0 )
where the bilinear operator D?g - f is defined by
& f dfdg  d%

Dlg f=—Sg—-2—"4f_°2, 3
8/ ar® " Tar de? 2
Note that equation (2) is invariant under the following gauge transformation:
t
f@ — f(l)exp/ h(r) dt “
t
g(t) — g(f)GXP/ h(r) dt &)

where h(¢) is an arbitrary function of . Equation (2) is decoupled to the bilinear equations by
introducing an arbitrary function y (),

Djg- f+agf =y(n)gf 6)

D}f-f—bg=yn)f> )
We may choose y () = 0 by the gauge transformation (4) and (5) with 4 (¢) = y(t)/2. Hence
equation (1) is transformed into the bilinear form

Dig- f+agf =0 ®)
D}f-f—bg"=0. ©)
We discretize the bilinear equation taking the gauge invariance and the time reversibility of

the equation into account. First we replace the bilinear operators in equations (6) and (7) by
the corresponding bilinear difference operators

Djg- f— Ajgt)- f() (10)

DIf-f— Af@)- f@) (11)
where

Alg(0)- f() =1t +8) f(1 —8) = 2¢() f(1) +g(t —8) f(t +8)1/8>  (12)

AFF@) - () =20ft+8)f —8) — f(O) f(D)1/8° (13)

8 being a time interval. We assume that the discrete bilinear equations are invariant under the
exponential gauge transformation

f@) — f(t)expct (14)
g(t) — g(t)expet (15)
¢ being a constant of 7. We consider the following discrete bilinear equations:
A7) - f(0) +alyng®) f(6) + ynlgt +8) f(t = 8) + gt = &) f(t+8)]} =0 (16)
ATF@) - f(O) =blyn f+8) f(t =8) +ynf 1)’} =0 7

which are invariant under the gauge transformations (14) and (15), where y11, y12, 21 and y»
are free parameters satisfying the relations

Y +2yn =1 Va1 t+yn=y.
The discrete bilinear forms are transformed, through the dependent variable transformation
g(t) = x(t) f(¢), into
[x(t +8) +x(t — )1+ 8%ay) f(t +8) f(t — 8) = (2 — 8ay)x (1) £2(1) (18)
[2 — 8bynx(t +8)x(t = OIf (t +8) f(t — 8) = [2+ 8 bynx* )] f7(1) (19)
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which are combined to give
[x(r +8) +x(t —8)](1 +8%ayn)  [2—8%aynlx(0) 20)
2—82byyx(t+8)x(t —8) 2+ 82bynx2(r)
Let t = né, n being integers. Then equation (20) is written as
Xn+1 — 2Xn + Xy1 +alen Xy + c1o(Xne1 +xp-1)]
+D[C21 Xpp1 Xn Xn—1 + C22X2 (g1 + Xp-1)] =0 2n
where
cin =8y (22)
cin =8y (23)
1 =8°(1 = 38%ayi)yx (24)
e = 825 (1 + 8%ayi)yan. (25)
Equation (21) gives an explicit equation of motion
f (xn) — Xn— f (xn)
Xaet = = (26)
fZ(xn) — Xp—1 f3(xn)
where
fixn) = enx, 27)
F(xn) = c1a + bepx? (28)
f3(xn) = —beayx, (29)
which has the same form as that of the QRT system [17],
f (xn) — Xp— f (-xn)
Xl = kL (30)
fZ(xn) — Xp—1 f3(xn)
The QRT system is known to exhibit a conserved quantity,
H=5 (X =Xp 1,y = Xa) (31)
N = anxzy2 + a12x2y +apx’ + aglxy2 +anxy +anyx + a31y2 +azy +asn (32)
D = b11x2y2 + b12x2y + b13x2 + b21xy2 + bzzxy + b23x + b31y2 + b32y + b33 (33)
provided that f;(x), f2(x) and f3(x) are expressed by
f1(x) = (@ + anx +ax) (b31x* + byx + by3)
—(a31x* + anx + az3) (b1 x” + byyx + by3) (34)
H(x) = (a31x* + aznx +az) (bx* +bipx +by3)
—(anx® +apx +ai3)(b31x* + byx + bys) (35)
f(x) = (@nx® +anx +ai3)(bax* + bynx + ba3)
—(a21x? + aznx +ax)(by x> + bjpx +by3). (36)

However, it is not easy to find relations between our fl, ﬁ, fg and their fi, f>, f3. We shall

return to this point after finding the conserved quantity of equation (26).

Finally we note that the discrete equation (26) is reduced, in the limit of small §, to the

equation of motion of the anharmonic oscillator

d2
& +ax +bx’=0.
dr?

(37
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3. Conserved quantity of the discrete equation of motion of the anharmonic oscillator

We conjecture that the conserved quantity H, of the discrete equation of motion of the
anharmonic oscillator is expressed with a ratio of polynomials of variables x,, and x,_;, which
has the following properties:

(i) The discrete equation is invariant under the transformation
Xn+j = Xp—j ]:ﬂ:l

which implies the time reversibility of the equation. Accordingly the conserved quantity
is assumed to be a symmetric function of x,, and x,,_;.

(ii) The discrete equation is explicit. Hence cubic terms such as x> and x371 are excluded
from the H,.

Hence we have the conserved quantity H, expressed with

_ap+api(n)+---+asps(n)

= (38)
bo+Dbipi(n) +---+bsps(n)
where
pP1 (}’l) =Xp + Xp—1 (39)
p2(n) = XpXp—i (40)
p3(n) = X7 +x;, (41)
Pa(n) = XoXn 1 + XXy (42)
ps(n) = xnzx,ffl. 43)
We rewrite the above form as
L+cipi(n) +copa(n) +---+esps(n) =0 (44)
where
cj = (a; — Hybj)/(ap — H,by) for j=1,2,...,5. (45)
We note that all ¢; are conserved quantities, which depend only on the initial values of the
discrete equation. Accordingly we have a set of linear equations for ¢y, cs, .. ., c5
L+cipi(n) +copa(n) +---+csps(n) =0 (46)
l+cipin+)+coppn+1)+---+csps(n+1)=0------ ¢
l+cipin+4)+copo(n+4)+---+csps(n+4) =0. (48)
Solving the linear equations we obtain
pi(n) p(n) oo =1 - ps(n)
pn+1) py(n+1l) .- =1 - ps(n+1)
cim)=|pn+2) p(n+2) - —1 -+ ps(n+2) /A(n) (49)
pi(n+3) ppn+3) -~ —1 -+ ps(n+3)
Pin+4) prn+d) o =1 o ps(n+d)
forj=1,2,...,5, where
p1(n) p2(n) -+ ps(n)
pin+1) pa(n+1) --- ps(n+1)
An)=|pi(n+2) p(n+2) - ps(n+2)|. (50)
pi(n+3) py(n+3) - ps(n+3)
pi(n+4) pr(n+4) .-+ ps(n+4)
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The assumption that all ¢;(n) are conserved quantities, namely

cin+1)—cj(n) =0 for j=1,2,...,5 (51)
is transformed into the following condition:
L pi) pa(n) - ps(n)
L pin+1) px(n+1) --- psin+1)
1 pin+2) pr(n+2) .-+ ps(n+2) -0 (52)
I pin+3) px(n+3) --- ps(n+3) ’
1 pin+4) pr(n+4) - ps(n+4)
L pin+5) p(n+5) .-+ ps(n+5)
Because the numerator of ¢;(n + 1) — c¢;(n) for j = 1, for example, is
=1 po(n+1) -+ psn+1)|| pi(n) pa(n) -+ ps(n)
=1 po(n+2) -+ psn+2)||pi(n+1) pa(n+1) - ps(n+1)
-1 pon+3) -+ psn+3)||pi(n+2) pa(n+2) .- ps(n+2)
-1 ppn+4) -+ psn+4) || pi(n+3) pa(n+3) - ps(n+3)
=1 po(n+5) -+ ps(+5)1ipin+4) pr(n+4) -+ ps(n+4)
-1 p(n)y - ps(n)
-1 p(n+1) -+ ps(n+1)
—|=1 p(n+2) -+ ps(n+2)
=1 p2(n+3) -+ ps(n+3)
-1 po(n+4) -+ ps(n+4)
pin+1) py(n+1) --- ps(n+1)
pi(n+2) p(n+2) .- ps(n+2)
x|pi(n+3) px(n+3) -+ ps(n+3)
pin+4) py(n+4) - ps(n+4)
pi(n+5) pa(n+5) --- ps(n+5)
which is reduced, by the Jacobi identity of determinants, to
L pin) pa(n) -+ ps(n)
L pin+1) po(n+1l) -+ pse+1)||p2n+1) -+ psin+1)
_ |1 p(n+2) po(n+2) -+ ps(n+2)||p2(n+2) - ps(n+2)
|l pim+3) p(n+3) oo ps(n+3)||pa(n+3) - ps(n+3) |’
I pin+4) pa(n+4) -+ ps(n+4)|Ipp(n+4) - ps(n+4)
I pi(n+5) p(n+5) --- ps(n+5)

Accordingly cj(n + 1) = c;(n), and c;(n) are conserved quantities if equation (52) holds.
In general we conjecture, for a given nonlinear discrete equation of order k + 1

Xps1 = F(xp, Xp—1, oo oy Xni) (53)
that a conserved quantity H, is given by

_ag+aipi(n)+---+aypy(n)
bo+bipi(n)+---+bypn(n)

(54)

n

where
pj(m) = pj(Xn, Xn=1, -+ Xn—k) for j=1,2,...,N. (55)
Then we have linear equations for ¢; = (a; — H,)/(ao — H,bo),

capin+)+cppn+)+---+eypyvin+l) = —1 for all [. (56)



10382 R Hirota et al

The following quantities:

p1(n) p2(n) R pn(n)
pi(n+1) p2(n+1) oo =L py(n+ 1)
pi(n+2) p2(n+2) oo =L py(n+2)
- pimn+N-1) ppn+N-1) --- —1 --- py(n+N—1)
cj(n) =
! pi(n) p(m) - pim) o py()
pi(n+1) p2(n+1) o pjn+l) o pn(n+1)
p1(n+2) p2(n+2) o pi(n+2) o pn(n+2)
pimn+N—-1) pn+N-1) --- pim+N—-1) --- py(n+N—1)
for j =1,2,..., N are the conserved quantities of the discrete equation
Xne1 = F(xn, Xp—t1y oo oy Xn—k) for integers n
provided that
1 pi1(n) p2(n) o pn(n)
I pin+l)  ppn+l) - py(n+1)
1 pin+2) p(n+2) --- pymn+2) |[=0. (57
1 pin+N) p(n+N) - py(n+N)

All conserved quantities of the discrete equation
Xn+l = F(.Xn, Xn—1s - xnfk)

are, in principle, obtained by checking the condition (57). However, in practice, it is not easy
to check the condition for N > 5 by using a computer at hand. In order to minimize a number
of unknown parameters, we evaluate them numerically at first. Returning to equation (44),
we solve it numerically and find that ¢; = ¢4 = 0. Thus the linear equations to be solved are
reduced to

apin+l)+cipyn+l)+cesps(n+1) = —1 for all / (58)
where

p2(n) = Xpxp-1 (59)

p3(n) = x2 +x2_, (60)

ps(n) = x,%x,%_l. (61)

Now it is easy to check the condition

L pa(n) p3(n) ps(n)

Loppm+ ) psn+ ) psn+ D) (62)
I pp(n+2) p3(n+2) ps(n+2) '

I pon+3) ps(n+3) ps(m+3)

Solving equation (58) for/ = —1, 0, 1 we find that one of the conserved quantities is expressed
by
Ny
Hy=— 63
0= D, (63)

2

2 2.2
No = crilecin(x, +x,_1) — ciiXpXa—1] + b(cricn + cr2c21) %, X, (64)

Do = cyilerr + l?C21()c,2Z + x,ffl)] + b2c§1x3x371 (65)
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which is the conserved quantity of the discrete equation of motion of the anharmonic oscillator
equation (26). The rank of the Jacobi matrix shows that other conserved quantities c;, ¢3 and cs
are functionally dependent on Hy. Here we remark the relation to the QRT system. Comparing
our conserved quantity Hy with H of the QRT system we find

ajy = b(criexn + c12c21) ap =0 a;z = ciicn (66)
ay =0 ap = —c}, apn =0 (67)
az; = ap axn =0 az; =0 (63)
by = bc3, b =0 b3 = bcyicy (69)
by =0 by =0 by =0 (70)
b3y = bcyican by =0 by = cf;. (71)

Accordmgly we ﬁnd that fi(x), fo(x) and f3(x) of the QRT system are expressed with
fl (x,), f2 (x,) and f3 (x,) of the discrete equation of motion as follows:

fi(x) = =3, (e +b621)€,,)f1 (xn) (72)
frx) = =2, (c11 +beanx?) fr(xn) (73)
f20) = =2, (c11 +benx?) f3(x) (74)

which shows that the discrete equation of motion (21) is one of the QRT system. We note that
Suris [7] has studied a discrete equation which is expressed as a QRT system of the special
form

81(xn) — Xn—182(xn)

Xn+l = (75)
. 82(xn) — xp183(xp)

where
g1(x,) =a+ (2 —2e+b)x, +cx2/3 (76)
2(x,) =1 — (e+cx,/3+dx>/2) (77)
g3(x,) =0 (78)

where a, b, ¢, d, e are constant parameters. The conserved quantity is a polynomial of the
dependent variables:

2 1 2 1 2
H(n) = Q(Xn — Xp—1)" — ja(xn +Xu—1)

Xpxp_ | — 2e(y — X, (79)

1
CXpXn—1 (xn +xn—l) 1

1 1
_benxn—l 6

4. Conserved quantities of the difference equation of third order

We take the following third-order difference equation as the next example:
Xns2 = (1 + X, + xn+l)/xn—l (80)

which is known to show ‘a recurrence of period 8’ [18], namely the system returns to the initial
state after mapping eight times.

The discrete equation (80) is of the third order and is time reversible. Accordingly the
conserved quantity H, is a function of x,,.1, x,,, x,—; and is symmetric with respect to x,.; and
X,—1. We assume the conserved quantity of the following form:

_ap+aipi(n) +---+apzpizn)
bo+bipi(n) +---+bizp1z(n)

81
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with
p1(n) = x(n) (82)
pp(n)=x(n+1)+x(n—1) (83)
p3(n) = x(n)* (84)
pa(n) = x(n)(x(n+1) +x(n — 1)) (85)
ps(n) =x(m+ 1> +x(n — 1)2 (86)
ps(n) =x(n+1x(n—1) (87)
pr(n) = x(n)?(x(n+ 1) +x(n — 1)) (88)
ps(n) = x(m)(x(n +1)* + x(n — 1)%) (89)
pom)=x(n+Dx(n—Dxm+1D)+x(n—1)) (90)
po() = x()*(x(n +1)* + x(n — 1)) ()
pii(n) = x(n)zx(n +Dx(n—1) (92)
po@m) =xmx(n+Dx(n—Dxm+1) +x(n—1)) (93)
pi3(n) = x(n+1)°x(n — 1)? (94)

x(n) being x,, for any n. The number N of unknown parameters c¢; of the equation is greater
than ten and it is not easy to check the condition (57).
We follow a different approach to the problem. We note that equation (80) is singular at
x, =0:
Xp42 —> OO as x,_; — O.

Taking this property of the equation into account, we assume that the denominator of the
conserved quantity H (n) is of the form (x,,+1x,x,—1)", n being an integer. Hence a trial form
of H, is

13
H, = [Zc(j)l’j(n)}/[xnﬂxnxn1], 95)

=0
The unknown parameters c(j), for j =0, 1,2, ..., 13 are determined by the equation
Hy—H, =0 (96)
which gives
c(l)y=2 c(2)=2 c3) =1 c4)=3 c® =1
c(6) =3 c(H=1 c(® =1 c9 =1 c(10) =0

c(1) =1 c(12) =1 c(13) =0
where we have chosen an arbitrary parameter c(0) = 1. Accordingly one of the conserved
quantities is given by
HY =[1+2x(m) +2(x(n+ 1) +x(n — 1)) + x(n)* +3x(m)(x(n + 1) + x(n — 1))
+x(m+ D> +x(n— D> +3x(mn+ Dx(n — 1) +
x(*xr+D+x(n—D)+xm)x(n+ D> +x(n — 1)%)
+x(n+Dx(n —DHxm+1)+x(n—1)) +x(n)2x(n +Dx(n—1)
+x(m)x(n+Dx(n — Dx(r+1)+x(n —1)]/[x(n+ Dx(n)x(n — D)]. (97)

Another conserved quantity is obtained by including new terms in the trial form of H'":

15
Hn(z) = [Zc(j)pj(n)}/[xn+lxn~xn—l] (98)

=0
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where
pia(n) = x(n)* (99)
pis(n) = x(n+1)* + x(n — 1)°. (100)

The cubic terms such as x (n+1)3, x(r)? and x (n — 1)? in the numerator of Hrfz) are permissible
in this case because they are divided by the denominator x (n + 1)x(n)x(n — 1). Substituting

H? into equation (96) we determine new parameters c(j), for j = 0, 1,2, ..., 15 as follows:
c(h)y=1 c2)=0 c(3) =2 cd) =1 c5 =0
c(6) = 1 ) =1 ¢(8) =0 c©) =1 ¢(10) = 0

cd)=0  ¢(12)=0 c(13) =1 c(14) = 1 c(15) = 0

where we have fixed two redundant parameters c(14) and ¢(0) to be 1 and 0, respectively.
Accordingly the second conserved quantity H® is given by

H? = [x() +2x(n)? +x(m)(x(n+ 1) + x(n — 1)) + x(n + Dx(n — 1)
+x(M*xcm+D+x(n—D)+x(n+ Dx(n — Dx(n+ 1) +x(n — 1))
+x(n+1D*x(m — D>+ x()*1/[x(n + Dx(m)x(n — 1] (101)

We have found two conserved quantities, H" and H?, of the third-order difference equation
Xne2Xn—1 = 1+ x5 + Xpy. (102)

The present procedure of finding conserved quantities is applied to other difference equations.
In the appendix we give a list of third-order difference equations of the form

Xn+2Xn—1 = f(xn» Xn41) (103)

whose conserved quantities are obtained by following the present procedure.

Appendix. Third-order difference equations exhibiting two conserved quantities

We have investigated difference equations of third order of the following special form:

Xn+2Xn—1 = f(xm Xp41)- (104)

It is found by numerical simulation that the algebraic entropy [19, 20] of the map shows the
polynomial growth of the degree if f(x,, x,+1) is one of the following forms:

ap+ a)xX, + a1 Xp41 +azxXpXpeg
XD fx, xp4) =

az + bl-xn + blxn+l + b3xnxn+1
ag + apXy + AgXpt) + A3XyXp41

(YZ) f(xna xn+l) =
ap +azx, + azXp4) +aA3XpXp41

—ap +apX, — ApXp+1 +a3XpXp41

Y3)  fxn, xpe1) =
ap+ aszx, — azXpyl — A3XpXp4)

aptajxy + a1 Xpe a1 Xp X041
Y4)  f(xn, xne1) =

bo + boxy, + boxps1 + boXyXpy

a1 Xy, — A1 Xp4] T A3Xp X041

Y5 ny Xnel) =
(Y5)  f(xXn, Xn41) PN

aA3XpXnp+l

Y6 s Xnal) =
(YO) S, Zne) b1x, + b1 X1 + b3xp X041

ap+airx,

X7 flo, X)) = ———
ay X, +apXpXp+
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ap + ajxy
(Y8)  f(Xns Xur1) = 0

—a1X, + apXpXp41

ayx, +a1xXpXnp+1

(Y9) f(xn’ xn+l) =
ap +aix,

where ag, ay, ..., bs are constant parameters. Equation (80) is a special case (a3 = 0) of
equation (Y2). These equations are transformed, through the transformation x, = g, /f,, into
the bilinear forms which are invariant under the exponential gauge-transformation,

fa — faoexp(ct) gn — 8nexp(ct). (105)

We have found, following the present procedure, two functionally independent conserved
quantities of all equations listed above. The computer output of the conserved quantities can
be found at http://www.hirota.info.waseda.ac.jp/ “hirota/conserved.zip
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